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ABSTRACT 

Dvoretzky, Erd6s and Kakutani discovered that the Brownian motion is almost 
surely nowhere increasing. This is proved here in a relatively easy way. 

For a real function f defined on the real line R, we say that f increases at t if, 

and only if, there exist a and b such that a < t < b and such that if a < s < t < 

u < b, then f(s)<=f(t)<=f(u). 
Let X be a (continuous) one-dimensional Brownian motion defined on R. (X 

can be constructed out of two independent standard Brownian motions, B and 

B',  by letting X, = B, for t => 0, = B'-, for t < 0.) 

Dvoretzky, Erd6s and Kakutani proved in [1] the following 

TrtEOREM1. Almost surely, X is nowhere increasing. 

Their proof is ingenious and rather difficult. Here I propose an alternative 

approach, converting the problem, through a series of rather obvious reductions, 

to a relatively easy one. 

We say that a function f:R---~R is totally increasing (or: admits a total 

increase) at t ( ~  R) if, and only if, 

- o o <  s < t <  u < ~  ~ f ( s ) < f ( t ) < f ( u ) .  

For c~ E R, let X ~ denote the diffusion defined by 

~ m  
X~ - X ,  + o t t .  
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Let t E R. Assume 

lim X~,=lim 1 

as is almost surely the case. Clearly, if X increases at t, then there is some real 

a > 0 such that X" totally increases at t. (Let 

h = max{max X'(] - ~, t]) - XI, X~ - min Xl([t ,  oo[)}. 

Note the existence of some real A > 0  such that X ~ = m a x X l ( [ t - A , t ] )  = 

min Xl([t, t +A]). Any a > 1 + h /A  will do . )This  makes of theorem1 an im- 

mediate corollary of the following 

THEOREM2. Almos t  surely, for all real a > O, X ~ admits no total increase. 

Since the existence of a total increase for X" implies that of a total increase 

for X ~ for all /3 > a, theorem2 is equivalent to the (a priori weaker) 

PROPOSrrIoN. Let  Y =-- X ~ for some [3 > O. Then, almost surely Y admits no 

total increase. 

Obvious symmetry arguments make us see that it is just as probable for Y to 

admit a total increase somewhere in ]0,oo[ as to admit one in ]-0% 7[. Since 

]0, ~[ U ] - oo, 7[ = R, we conclude that the above proposition will be established 

once we prove that 

(1) 

Set 

almost surely, Y admits no total increase in ]0, ~[. 

and define, recursively, 

Let 

to = m o  = 0 ( = Yo) ,  

t. = s u p { t ]  Y, = m . _ , } ,  

m, = sup Y([O, t. ]) (n = 1, 2, 3 . . . .  ). 

U = lim t,. 

Clearly, Y admits no total increase in ]0, U[. So, in order to prove (1), it is 

sufficient to show that 

(2) almost  surely, U = ~. 



VOI. 50, 1985 BROWNIAN MOTION 191 

Let eo = ml and define, recursively, for n = 0, - 1 , -  2 , . . . ,  

t.-, = sup{t _-< O[ Y,. - Y, = e - . } ,  

e- .  = sup Y([t., t .+l])-  Y,..,. 

Let y. denote the restriction of Y,.+.- Y,. to the interval [0, t ,+ l -  t.]. 

Observe that the sequences (y0, y,, y2,. . .  ) and (yo, y-,, y-2 . . . .  ) have the same 

law. 

Let 

T = lim t,. 

This make of (2) an immediate consequence of: 

(3) 

Now, let 

A l m o s t  surely, T = - oo. 

So = 0, ~o = eo 

and define, recursively, 

s._, =sup{ t<_O[X , .  - X ,  = 6 - , }  

6-. = sup X([s., s .+,])-  X,. . ,  

Finally, let 

S = l im s.. 

(n =0 ,  - 1 ,  - 2 , . . . ) ,  

(n = - 1 ,  - 2  . . . .  ). 

Assume, for a moment, that (3) is false. This implies the existence of some 

t E ] - %0[  such that P ( T  > t) > 0. Since for each r E ] - %0[, YIM and Xit,.ol 

are equivalent in law, this entails P ( S  > t) > 0 for some t E ] - ~, 0[. (Recall the 

analogy between the definition of T relative to YIl-~,oj and that of S relative to 

Xll-o,oP 
So (3) becomes equivalent to 

(4) almost  surely, S = - ~. 

Observe that if S > - ~, then X o -  Xs  = 6o + & + 62 + . . .  ( X  is continuous!), 

so l i m , ~  6, = 0. We realize that (4), and hence theorem1, is a corollary of the 

following 

LEMMA. A l m o s t  surely, lim sup.-_.= 6, > O. 
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PROOF. Note that almost surely, for all n ( E  {0, 1 ,2 , . . .  }), 6, > 0. Then note 

that `51/6o, 62/&, `53/`52,..- are lid. Now &/6o and `5o/& have the same law. In 

fact, letting rx = s u p { t < 0 1 X ,  =x},  we see that if 7r(.) is a version of 

P(-  I o-(`50)), then for almost all w, for all real a > 0, 

1r(,~,1`5o_--- a)(~, )= ~r(7o~o < r_~)(,o) 

= P(T-~(~) < ~'so(,.)/.) t 

= . ( ~ - ~ o  < ~ ' ~ ) ( , o )  

= ~r(&/6o_- < l/a)(~o). 

We easily deduce that, for all m and n, `5./&, and 6,,/6, have the same law. 

Now, the event {Iim.~= 3,/60 = 0} is a tale event for the independent sequence 

(&/6o, 6z/&, `53/`52,...). Its probability is thus 0 or 1. Were it 1, `5,/`50 and `5o/`5, 
would both converge to zero in probability. But how can both P(`5,/`50 < 1) and 

P(`5o/`5, < 1) tend to 1 (and be, eventually, larger than 0.6)? 

So, almost surely, `5, (just as 6,/`50) does not converge to zero. 

OUTLINE OF AN ALTERNATIVE PROOF. Observe that `5~+~/̀ sk are lid, each having 

the law of V/W, V and W being two independent exponential random variables 

(with the same parameter). So 

`sk+l E log ~ = E log V - E log W = 0. 

This implies that, almost surely 

62 + `5, ,5. 61 + log -. �9 + log 
log 6o = log 60 `5, `5.-, 

does not tend to - ~ .  
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' If x#0 ,  then P(~'ox < ~'-x) is independent of x (and, by the way, equals 1/(a + I)). 


